
COMP 545: Advanced topics in optimization 
From simple to complex ML systems

Lecture 3



Figure 1

Figure 1: The red curve shows the constraint h(x, y) = c. The blue curves are contours of f(x, y). The point 
where the red constraint tangentially touches a blue contour is the maximum of f(x, y) along the constraint, 
since d1 > d2.

h(x, y) = c



Figure 2



Example with multiple equality constraints

f(x) = x2
1 + x2

2 + x2
3

<latexit sha1_base64="Mhf1YqfkVebrip164fvpoJdFeWA=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQEUoSC7oRim5cVrAPaNMwmU7aoZNJmJlIS+jOjb/ixoUibv0Fd/6N0zYLrR4Y7uGce7lzjx8zKpVlfRm5peWV1bX8emFjc2t7x9zda8goEZjUccQi0fKRJIxyUldUMdKKBUGhz0jTH15P/eY9EZJG/E6NY+KGqM9pQDFSWvLMQwiD0ugEXsKRZ3cdeKqrk9WzruOZRatszQD/EjsjRZCh5pmfnV6Ek5BwhRmSsm1bsXJTJBTFjEwKnUSSGOEh6pO2phyFRLrp7I4JPNZKDwaR0I8rOFN/TqQolHIc+rozRGogF72p+J/XTlRw4aaUx4kiHM8XBQmDKoLTUGCPCoIVG2uCsKD6rxAPkEBY6egKOgR78eS/pOGU7Uq5clspVq+yOPLgAByBErDBOaiCG1ADdYDBA3gCL+DVeDSejTfjfd6aM7KZffALxsc3ueqVaw==</latexit>

h1(x) = 0 ) x1 + x2 � 2 = 0

h2(x) = 0 ) x1 + x3 � 2 = 0

<latexit sha1_base64="64JZjdA0i1k9Ey9uWSmHtZ21xoE="></latexit>

Objective:

Constraints:
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L(x,�1,�2) = x2
1 + x2

2 + x2
3 + �1(x1 + x2 � 2) + �2(x1 + x3 � 2)

<latexit sha1_base64="kks2RFGoBiKqVW7kOmlfpLTaCuA="></latexit>

Form the Lagrangian:



Example with multiple equality constraints

f(x) = x2
1 + x2

2 + x2
3

<latexit sha1_base64="Mhf1YqfkVebrip164fvpoJdFeWA=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQEUoSC7oRim5cVrAPaNMwmU7aoZNJmJlIS+jOjb/ixoUibv0Fd/6N0zYLrR4Y7uGce7lzjx8zKpVlfRm5peWV1bX8emFjc2t7x9zda8goEZjUccQi0fKRJIxyUldUMdKKBUGhz0jTH15P/eY9EZJG/E6NY+KGqM9pQDFSWvLMQwiD0ugEXsKRZ3cdeKqrk9WzruOZRatszQD/EjsjRZCh5pmfnV6Ek5BwhRmSsm1bsXJTJBTFjEwKnUSSGOEh6pO2phyFRLrp7I4JPNZKDwaR0I8rOFN/TqQolHIc+rozRGogF72p+J/XTlRw4aaUx4kiHM8XBQmDKoLTUGCPCoIVG2uCsKD6rxAPkEBY6egKOgR78eS/pOGU7Uq5clspVq+yOPLgAByBErDBOaiCG1ADdYDBA3gCL+DVeDSejTfjfd6aM7KZffALxsc3ueqVaw==</latexit>

h1(x) = 0 ) x1 + x2 � 2 = 0

h2(x) = 0 ) x1 + x3 � 2 = 0

<latexit sha1_base64="64JZjdA0i1k9Ey9uWSmHtZ21xoE="></latexit>

Objective:

Constraints:

min
x

f(x)

s.t. h1(x) = 0

h2(x) = 0

<latexit sha1_base64="mccPfaW9Pn1eE1ir0Qs985zICEA="></latexit>

L(x,�1,�2) = x2
1 + x2

2 + x2
3 + �1(x1 + x2 � 2) + �2(x1 + x3 � 2)

<latexit sha1_base64="kks2RFGoBiKqVW7kOmlfpLTaCuA="></latexit>

Form the Lagrangian:

and solve:

0 = rx1L(x,�1,�2) = rx2L(x,�1,�2) = rx3L(x,�1,�2) = r�1L(x,�1,�2) = r�2L(x,�1,�2)

<latexit sha1_base64="xyCyPTod2QvIAlhaHIFNmwHqyPQ="></latexit>



Example with multiple equality constraints

Closed form solution:

�1 = � 4
3

�2 = � 4
3

x1 = 4
3

x2 = 2
3

x3 = 2
3

<latexit sha1_base64="ibpzNA6GM5o2+y8O3C3pQUX9wuM=">AAACYXicbZHNT8IwGMa7iQooOPHIpZGYeJFsY4leTIhePGIiHwkjpOs6aOg+0nYGsvBPevPixX/EAjMo8CZNnvye983bPvUSRoU0zU9NPyocn5wWS+Wz80r1wris9USccky6OGYxH3hIEEYj0pVUMjJIOEGhx0jfmz2v/P474YLG0ZtcJGQUoklEA4qRVGhszF2mmn00tuAjvHNlwBHOnGXWWkLXLf+a9iFzvp7Zp/aW2lva2qFjo2E2zXXBfWHlogHy6oyND9ePcRqSSGKGhBhaZiJHGeKSYkaWZTcVJEF4hiZkqGSEQiJG2TqhJbxRxIdBzNWJJFzTvxMZCoVYhJ7qDJGcil1vBQ95w1QGD6OMRkkqSYQ3i4KUQRnDVdzQp5xgyRZKIMypuivEU6RSkOpTyioEa/fJ+6JnNy2n6bw6jfZTHkcR1ME1uAUWuAdt8AI6oAsw+NIKWkWrat96STf02qZV1/KZK/Cv9PoPyWSyPQ==</latexit>
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Example of general Lagrangian function: Robotics
(“Motion Planning with Sequential Convex Optimization and Convex Collision Checking”)
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